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Abstract 

We derive simple explicit formula for the character of a cycle in 
the Connes' (b, i?)-bicomplex of cyclic cohomology and apply it to 
write formulas for the equivariant Chern character and characters of 
finitely-summable bounded Fredholm modules. 



1 Introduction 

The notion of a cycle, introduced by Connes in [Q, plays an important role in 
his development of the cyclic cohomology and its applications. Many ques- 
tions of the differential geometry and noncommutative geometry can be re- 
formulated as questions about geometrically defined cycles. Associated with 
a cycle is its character, which is a characteristic class in cyclic cohomology, 
described by an explicit formula ( see 0). 

Some natural constructs, like the the transverse fundamental cycle of a 
foliation H] or the superconnection in require however consideration of 



more general objects, which we call "generalized cycles" (we recall the defini- 
tion in the section |^). The simplest geometric example of generalized cycle is 
provided by the algebra of forms with values in the endomorphisms of some 
vector bundle, together with a connection. More interesting examples arise 



from vector bundles equivariant with respect to action of discreet group, or, 
more generally, holonomy equivariant vector bundles on foliated manifolds. 

The original definition of the character of a cycle does not apply directly 
to generalized cycles. To overcome this, Connes (0, cf. also 0) has devised 
a canonical procedure allowing to associate a cycle with a generalized cycle. 
This allows to extend the definition of the character to the generalized cycles. 

In this paper we show that the character of a generalized cycle can be 
defined by the explicit formula in the (6, i?)-bicomplex, resembling the JLO 
formula for the Chern character ^j. In the geometric examples above this 
leads to formulas for the Bott's Chern character in cyclic cohomology. As 
another example we derive formula for the character of Fredholm module. 

The paper is organized as follows. In section |^ we define the character 
of a generalized cycle and, more generally, generalized chain. Closely related 
formulas also appear and play an important role in Nest and Tsygan's work 
on the algebraic index theorems ||lT] , . We then establish some basic prop- 
erties of this character and prove that our definition of the character coincides 
with the original one given by Connes in . In section |^ we construct the 
cyclic cocycle, representing the equivariant Chern character in the cyclic co- 
homology, and discuss relation of this construction with the multidimensional 
version of the Connes construction of the Godbillon-Vey cocycle P] , and the 
transverse fundamental class of the foliation. In section ^ we write explicit 
formulas for the character of a bounded finitely-summable Fredholm mod- 
ule, where — 1 is not necessarily (such objects are called pre-Fredholm 
modules in 0). The idea is to associate with such a Fredholm module a 
generalized cycle, by the construction similar to We thus obtain finitely 
summable analogues of the formulas from and 

I would like to thank my advisor H. Moscovici for introducing me to the 
area and constant support. I would like also to thank D. Burghelea and I. 
Zakharevich for helpful discussions. 



2 Characters of cycles 

In this section we start by stating definitions of generalized chains and cycles, 
and writing the JLO-type formula for the character. We then show that this 
definition of character coincides with the original one from 

In what follows we require the algebra A to be unital. This condition will 
be later removed by adjoining the unit to A. 
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One defines a generalized chain over an algebra A by specifying the fol- 
lowing data: 

1. Graded unital algebras ft and dfl and a surjective homomorphism r : 
Q dfl of degree , and a homomorphism p : A ^ Of. We require 
that p and r be unital. 

2. Graded derivations of degree 1 V on Q and V on dQ such that ro V = 
W or and 9 e fl^ such that 

e Q. We require that V(^) = . 

3. A graded trace j- on Q"" for some n (called the degree of the chain) 
such that 



/v(0 = 



e Q"-^ such that r{C) = 0. 

If one requires dfl = one obtains the definition of the generalized cycle. 
Generahzed cycle for which ^ = is called cycle. 

One defines the boundary of the generalized chain to be a generalized 

cycle V, / ) of degree n - 1 over <m algebra A where the / is the 

graded trace defined by the identity 

/V = /V(0 (2.1) 

where G {dfl)'^~^ and ^ e Jl" such that r(^) = Homomorphism p' : 
A dfl^ is given by 

p'^rop (2.2) 
Notice that for ^' e 90 (V')^(^') = - ^'0' where ^' is defined by 

e' = r(e) (2.3) 
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With every generalized chain C" of degree n one can associate by a JLO- 
type formula a canonical n-cochain Ch(C") in the {b, i?)-bicomplex of the 
algebra A, which we call a character of the generalized chain. 



Ch'{r){ao,a,,...ak 
(-1)^ 



E ■fp{ao)e'''V{p{a,))e^^ . . . V{p{a,))e^- (2.4) 

Note that if is a (non-generalized) cycle Ch(C"') coincides with the 
character of C" as defined by Connes. 

For the generalized chain C let dC denote the boundary of C. 

Theorem 2.1. Let he a chain, and d{C"') be its boundary. Then 

{B + b) Ch(C") = S Ch(9(C")) (2.5) 

Here S is the usual periodicity shift in the cyclic bicomplex. 

Proof. By direct computation. □ 

Remark 2.1. A natural framework for such identities in cyclic cohomology 
is provided by the theory of operations on cyclic cohomology of Nest and 
Tsygan, cf. P, pi 



Corollary 2.2. If is a generalized cycle then Ch(C"') is an n-cocycle in 
the cyclic bicomplex of an algebra A. 

Corollary 2.3. For two cobordant generalized cycles C" and C2 

[S Ch(Ci")] = [S Ch{C^)] 

m HC'-^^A). 

Formula (|2.4| ) can also be written in the different form. We will use the 
following notations. First, j- can be extended to the whole algebra Q by 

setting j-^ = if deg ^ ^ n. For ^ E n is defined as J2'jLo • Then 



denote A'^ the /c-simplex {(to, ti, . . . , tk)\to + ti + ■ ■ ■ + tfc = 1, tj > 0} with 
the measure dtidt2 . . . dtk- Finally, a is an arbitrary nonzero real parameter. 
Then 

Ch\mao,a,,...ak) = 
a-^ j (^^p(ao)e-"*« V(p(ai))e-"*^^ . . . V(p(a,))e-"*^-^^ dt^dh ...dt, 

(2.6) 

where k is of the same parity as n. Indeed, 

p(ao)e-"*° V(p(ai))e-"*^'^ . . . V{p{ak))e-^''=' = 

io+ii +ik 



-a) 2 



E 'v\"' /p(«o)^^^° V(p(ai))^'^ . . . V{p{a,W^ 

(2.7) 

and our assertion follows from the equality 

j tl%\..tl^dhdt2...dh ^oW....^k\ 



A" 



{io + ii-\ h 4 + k)\ 



Remark 2.2. We worked above only in the context of unital algebras and 
maps. The case of general algebras and maps can be treated by adjoining a 
unit. We follow The definition of the generalized chain in the nonunital 



case differ from the definition in the unital case only in two aspects: first, 
we do not require algebras and morphisms to be unital, second, we do not 
require any more that the curvature 9 is an element of VL^\ rather we require 
it to be a multiplier of the algebra f2 which satisfies the following: for uj &Vt^ 

ecu and toO are in \/{9cu) = 9V{uj), V(cu^) = V(cj)^ and J^ecu = -j-uO 

if G We also need to require existence of 9' - multiplier of dVL such 

that r{9uj) = d'r{uj), r{uj6) = r{uj)6', and include it in the defining data of 
chain. 

With C" = (i7, (9fi, r, V, V, 6', ^) - nonunital generalized chain over a 
(possibly nonunital) algebra A we associate canonically a unital chain C" = 
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(a, m, r, V. V'fl. f) over the algebra A - A with unit adjoined. The con- 

struction is the following: the algebra Q is obtained from the algebra Q by 
adjoining a unit 1 , ( of degree ) and an element 6 of degree 2 with the 
relations = 9uj and uj9 = uj9 for G f2, and similarly for the algebra 
dVt. The derivation V coincides with V on the elements of and satisfies 
equalities V(^^) = and V(l) = 0, and V' is defined similarly. The graded 

trace j- onil is defined to coincide with j- on the elements of f2 and, if n is 

even, is required to satisfy the relation = 0. 

Now if C" is a (nonunital) generalized cycle over A, formula (P^), applied 
to to C" defines a (reduced) cyclic cocycle over an algebra A and hence a 
class in the reduced cyclic co homology HC^{A) = HC"'{A). The Corollary 



2.3 implies that this class is invariant under the (nonunital) cobordism. Note 
also that in the unital case the class defined after adjoining the unit agrees 
with the one defined before. 

Alternatively, one can work from the beginning with the Loday-Quillen- 
Tsygan bicomplex, see e.g. [0, where the corresponding formulas can be 
easily written. 

We now will show equivalence of the previous construction with Connes' 
original construction. 



With evety genetahzed cycle C = (f!, VAf) over an algebra A Conne. 

shows how to associate canonically a cycle Cx- 

One starts with a graded algebra Qg, which as a vector space can be 
identified with the space of 2 by 2 matrices over an algebra Q, with the 
grading given by the following: 



1^21 ^22 



e ilg if uJu e uJi2, 1^21 G fi" ^ and LU22 G ^ 



k-1 



>fc-2 



The product of the two elements in Qg u 
is given by 



CJil UJ12 

UJ21 UJ22 



and uj' 



uj[, ui' 



11 "^12 
21 ^22 



UJ * uo 



^21 ^22 



1 
9 



^21 ^'22 



(2.8) 
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The homomorphism p^/ : ^ — > Q^t is given by 

pe{a) = 



p{a) 




(2.9) 



On this algebra one can define a graded derivation Ve of degree 1 by the 



formula (here uj 



One checks that 



UJ2I (^22 



Ve(a;) 



V^(^) 



) 



V(cun) V(o;i2) ' 
-V(a;2i) -V(a;22) 



(2.10) 



'e 


0" 




'e 


0" 







* CU — LU * 







1 


1 



f2.111 



More generally, one can define on this algebra a family of connections V^, 
< t < 1 by the equation 



V* (c^) = We{uj) + t{X*uj- {-if^^^uj * X) 
where X is degree 1 element of Jl^t given by the matrix 



X 



-1 

1 



(2.12) 



(2.13) 



Lemma 2.4. {VlY{uj) ^{l-t 



e 
1 



*IjO — U * 



e 
1 



Proof. Follows from an easy computation. □ 

Hence for i = 1 we obtain a graded derivation whose square is . 

Finally, the graded trace -f is defined by 

J 



(2.14) 



It is closed with respect to Vgi, and hence, being a graded trace, it is closed 
with respect to for any t. 
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Corollary 2.5. Cx = (^e, Vg, + ) is a (nongeneralized) cycle 

J e 

The cycle Cx is the Connes' canonical cycle, associated with the gen- 
eralized cycle C . With every (nongeneralized) cycle of degree n Connes 
associated a cyclic n-cocycle on the algebra A by the following procedure: 
let the cycle consist of a graded algebra Q, degree 1 graded derivation d and 

a closed trace j-. Then the character of the cycle is the cyclic cocycle r in 

the cyclic complex given by the formula 

r(ao, ai, . . . , a„) = j- p{ao)dp{ai) . . . dp{an) (2.15) 

To it corresponds a cocycle in the {b, B)-bicomplex with only the one nonzero 
component of degree n, which equals -j- p{aQ)dp{ai) . . . dp{an) 

Theorem 2.6. Let C" he a generalized cycle of degree n over an algebra A, 
and Cx be the canonical cycle over A, associated with C" (see above). Then 
[Ch(C")] = [r(C^)] m HC'iA). 

Note that equality here is in the cyclic cohomology, not only in the pe- 
riodic cyclic cohomology. The theorem will follow easily from the above 
considerations and the following lemma. 

Lemma 2.7. Let (ny.A, f} .0 < t < 1 be a fan.,ly of eyeles of degree 

n over an algebra A with connection and curvature depending on t, all the 
other data staying the same. Connection and curvature vary by 

Vt = Vo + t ad 

for some rj E fl^ , and 

et = 9o + tVoV + tW 

Let G\i{t) denote the cocycle obtained for some specific value of t. Then 
[Ch(0)] = [Ch(l)]. 



Proof of the Lemma \2. % First, we can suppose that the cycle is unital - in 



the other case one can perform a construction, explained in the Remark [2^2. 
We define Ot by 0t = Oq + tWoV + t^V^- 
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We start by constructing a cobordism between cycles obtained when t = 
and if: = 1. This is analogous to a construction from |[T^. The cobordism is 



provided by the chain defined as follows: The algebra il'^ = ^*{[0, l])®^^, 
where (8) denotes the graded tensor product, and fi*([0, 1]) is the algebra of 
the differential forms on the segment [0, 1]. The map p'^ : A —>■ fl^ is given by 

p'ia) = igp(a) (2.16) 

We denote by t the variable on the segment [0, 1]. On this algebra we intro- 
duce the graded derivation 

V = l^Vt + d®l (2.17) 

Here d is the de Rham differential, and l^Vj has the following meaning: for 
a; e n Vt(ci;) can be considered as an element in C°°{[0, 1]) ® fi*([0, 1]) C 
n^n. We then define (for to E n, a e n*{[0,l]) ) 

l§Vt {a§uj) = (-l)'^"S"(c^gi)v,(cj) 

The curvature O'^ is defined to be l®9t + dt®7]. The restriction map maps 
Vl'^ to f2©f2, and given by the restriction of function to the interval endpoints. 
Here we consider the first Vt to come from the cycle obtained for t = 1 and 

the second from the cycle, obtained for t = and the trace given by 
The graded trace 4- on (fi^)""*"^ is given by the formula 




a if deg uj = n and deg a = 1 
{a®uj) = { J [o';i] (2.18) 

otherwise 

One checks that the above construction gives a chain providing cobordism 
between cycles obtained when t = and t = 1. Notice also that the The- 
orem ^TT| provides an explicit cochain Ch(C'^) of degree n + 1 such that 
ih + B) QhiC") = S (Ch(l) - ai(0)). Its top component, Ch"+^(C^) is given 
by the formula 



p^{ao)V%p%a,))...V%p%a^+,)) 
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but this is easily seen to be , since the expression under the j- does not 

contain dt. This means that we can consider Ch(C^) 1 chain, for 

which then (b + B) Ch(C'^) = Ch(l) — Ch(0), and this proves the Lemma. □ 

Remark 2.3. The above lemma remains true if we relax its conditions to 
allow to be a multiplier of degree 1 , such that j'^^ ~ {—1)^'^^^^/'^ j-urj. 

Then Vo?7 is a multiplier, defined by {yQVi)uj = Vo^rju) +ri'VoUj. The same 
proof then goes through if we enlarge the algebra Q to the subalgebra of 
the multiplier algebra of fl obtained from Q by adjoining 1 , 6*0, r], Vo?7, 

and extending / to this algebra by zero (i.e. we put fp = for any P - 
monomial in and f]). 



Proof of the Theorem \2.(\ . The lemma above applies to the family of cycles 

'o o" 

constructed above (with the curvatures 0^ = (1 — t^) ^ ^ and connections 

Vt = V*e). This implies that Ch(C") = Ch(C^) in i^C"(^). Since is a 
(nongeneralized) cycle, comparison of the definitions shows that Ch(C^) = 
Ch(C^), even on the level of cocycles, and the Theorem follows. □ 



''m 

•-2 



Corollary 2.8. For two generalized cycles C" = {^li,Vi,6i, j- ) and 
(fi2,V2,6'2,^ ) define the product byCixC2 = (l^iS^s, Vi®l+l®V2, 6'i®l+ 
1§^2, / ® / )■ Then Ch(Ci x C2) = Ch(Ci) U Ch(C2). 



Proof. For the non-generalized cycles this follows from Connes' definition of 
the cup-product. In the general case, the statement follows from the exis- 
tence of the natural map of cycles (i.e. homomorphism of the corresponding 
algebras, preserving all the structure) (Ci x C2)x (Ci)x x {C2)x, which 
agrees with taking of the character. 

The simplest way to describe this map is by using another Connes' de- 
scription of his construction. In this description matrix 

ujij G is identified with the element Uu + UJ12X + Xuj2i + XUJ22X., where X 
is a formal symbol of degree 1 . The multiplication law is formally defined 
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by uoXuj' = 0, = 6. This should be understood as a short way of writ- 
ing identities like ujX * Xuo' = uoOuo' (note that X is not an element of the 
algebra) . 

If we denote by Xi, X2, X12 formal elements, corresponding to Ci, C2, Ci x 
C2 respectively, the homomorphism mentioned above is the unital extension 
of the identity map VLi®Vt2 VLi®VL2 defined ( again formally) by X12 ^ 
(Xiil + igXa). 

□ 



3 Equivariant characteristic classes 

This section concerns vector bundles equivariant with respect to discrete 
group actions. We show that there is a generalized cycle associated naturally 
to such a bundle with ( not necessarily invariant ) connection. The character 
of this generalized cycle turns out to be related ( see Theorem ) to the 
equivariant Chern character. 

Let V be an orientable smooth manifold of dimension n, E a com- 
plex vector bundle over V, and A = End(£') - algebra of endomorphisms 
with compact support. One can construct a generalized cycle over an al- 
gebra A in the following way. The algebra Q = Q*{V,End{E)) - the alge- 
bra of endomorphism-valued differential forms. Any connection V on the 
bundle E defines a connection for the generalized cycle, with the curva- 
ture 6 G Q'^{V,End{E)) - the usual curvature of the connection. On the 

(^"(V, End(i?)) one defines a graded trace j- by the formula j-co = J trto, 

where in the right hand side we have a usual matrix trace and a usual in- 
tegration over a manifold. Note that when V is noncompact, this cycle is 
nonunital. The formula ( p.6| ), define a cyclic ra-cocycle {Ch^} on the algebra 
A, given by the formula 

Ch^{ao,ai, . ..at) = 

tr aoe"*° V(ai)e-*i^ . . . V(afc)e-*''-^ dtidt2 ...dtk (3.1) 




Hence we recover the formula of Quillen from [|T5l . (Recall that for noncom- 
pact V these expressions should be viewed as defining reduced cocycle over 
the algebra A with unit adjoined, with Ch° extended by Ch°(l) = 0). 
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One can restrict this cocycle to the subalgebra of functions C°°{V) C 
End{E). As a result one obtains an n-cocycle on the algebra C°°{V), which 
we still denote by {Ch'^}, given by the formula 

Ch'(ao,a„...a.) = i/ao<ia,...<ia.*re-» (3.2) 

V 

To this cocycle corresponds a current on V, defined by the form tr e~^. Hence 
in this case we recover the Chern character of the bundle E. Note that we 
use normaliztion of the Chern character from 

Let now an orientable manifold V of dimension n be equipped with an 
action of the discreet group F of orientation preserving transformations, and 
E he a. F-invariant bundle. In this situation, one can again construct a cycle 
of degree n over the algebra A = End(-E') x F. Our notations are the following 
: the algebra A is generated by the elements of the form allg, a G End(-E), 
g E T, and Ug is a formal symbol. The product is {a'Ug'){aUg) = a'a^ Uggi. 
The superscript here denotes the action of the group. 

The graded algebra Vt is defined as End(i^^)) x F. Elements of Vt 

clearly act on the forms with values in E, and any connection V in the bundle 
E defines a connection for the algebra f2, which we also denote by V, by the 
identity (here G fi, and s G Vt*{V, E)) 

W{ujs) = W{uj)s + (-l)'^'=^"cuV(s) (3.3) 

One checks that the above formula indeed defines a degree 1 derivation, 
which can be described by the action on the elements of the form aUg where 
a G VL*{V, End(i?)), G F, by the equation 

S/{aUg) = (V(a) + a A 6{g)) Ug (3.4) 

where 5 is i7^(V, End(_E'))-valued group cocycle, defined by 

6{g)=V -goVog-^ (3.5) 

One defines a curvature as an element 9Ui, where 1 is the unit of the group, 
and 9 is the (usual) curvature of V . The graded trace j- on f2" is given by 

j a li g = 1 
aUg= {v (3.6) 
otherwise 
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One can associate with this cycle a cychc n-cocycle over an algebra A, 
by the equation (pl6|). By restricting it to the subalgebra C^iV) xi T one 
obtains an n-cocycle {x^} on this algebra. Its k-th component is given by 
the formula 

x''{aoUgo, aiUg,, . . . ttkUgJ = 

J aQda^da?2 ■ ■ ■ da^^^Ti a]'^^ da]'^]^^ . . . 

I<il<i2<-- <ii<k Y 

0ii,i2,...A(7i, • • • ,7fc) (3.7) 

for goQi . . . Qk = 1 and otherwise. Here the summation is over all the subsets 
of {1, 2, . . .k} and the following notations are used: are group elements 
defined by = g^gi . . . gj_i. Qi,,i2,...,i,{'yi, . . . , 7^) is the form (depending on 
go,gi . . . ) defined by the formula 

Oii,i2,...,i,(7b • • • ,7fc) = 

j tre-'''''e-'^'''\..e-'n-^''"'S{g,,rn 

e-'no''^^' . . . e-'^^-'''"'5ig,,r^^ . . . e-^'^'dt, . . . dt^ (3.8) 

The change of connection does not change the class in the cyclic cohomology, 
as can be seen by constructing a a cobordism between corresponding cycles. 
This formula is a cyclic cohomological analogue of the formula of Bott 0. 
More precisely, the following theorem holds: 

Theorem 3.1. Let Chr(i?) G H*{V XpEF) be the equivarint Chern charac- 
ter. Let $ : iy*(V Xp Er) ^ HP*(C;f'(V) X r) he the canonical imbedding, 
constructed by Connes, cf. j^. Then 

$(Chr(i?)) = M 

Here E pulls back to an equivariant bundle on V" x EF, and then drops 
down to V XpEF, and the equivariant Chern character Chr(-E) is the Chern 
character of the resulting bundle. We recall that we use normalization from 

i- 

To prove the theorem we need some preliminary constructions and facts. 
For a F- manifold Y by Yp we denote the homotopy quotient Y EF. 
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Suppose we are given r-manifolds V and X , X oriented. We construct 
then a map / : HC^{C^{V) x T) ^ HC^+'^'"^'^ {C^{V x X) x T). The con- 
struction is the following: in HC^^^^{C^{X) xF) there is a class represented 
by the co cycle 



otherwise 



rifoUg^JlUg^, . . . JkUgJ = 

One then constructs the map / from the following diagram: 



HC\c^{v) X r) ^ ^c-j+dimx ((^^(y) >^ r) (Co°°(x) X r)) 

a; ^^*+dimx^^oo^y X X) X r) (3.9) 
Here the last arrow is induced by the natural map 

A : C^{V xX)xr= {C^{V) ® C^{X)) x T 

^ (c^iv) X r) ® (Co~(x) X r) (3.10) 

defined by A ((/ ® = (/f/^) ® (/'t/J. 

Suppose now that V is also oriented. 

Proposition 3.2. T/ie following diagram is commutative: 



HP*{C^{V X X) X r) 



i/p*(c^(y) X r) 



X X)r) 



H* (Vp) 



(3.11) 



i/ere tt : (V^ x X)r — Vp «s induced by the ( T-equivariant ) projection 

y X X X Er ^ V X Er. 

Proof. We can consider V x X with action of F x F. We start with showing 
that the following diagram is commutative: 



HP*{C^{V X X) X (F X F)) 

Ut 

HP*{C^{V) X F) 



/7* ((y X X)(rxr)) 



i^* (Vt) 



(3.12) 



14 



Here we identify C^{V x X) x (F x T) with {C^{V) x T) ® {C^{X) x T) 
and {V X X)(rxr) with X-p x Vp. This is verified by the direct computation, 
using the Eilenberg-Silber theorem and shuffle map in cychc cohomology, cf. 

Now we note that the commutativity of the following diagram is clear: 

HP*{C^{V X X) X (r X r)) H* {{V x X)(rxr)) 

i ^^-^^^ 

HP*{C^{V X X) X r) H* {{V X X)r) 

where the both vertical arrows are induced by the diagonal maps F ^ F x F 
and EF EF x EF. This ends the proof. □ 



Proposition 3.3. Let E be an equivariant vector bundle on V with connec- 
tion V. Let X G ifC"(C^(V") X F) be the character of the associated cycle, 
and let x' ^ HC"'^^{C^{V x X) xF) be the character of the cycle constructed 
with the bundle pvyE and connection pryV, where pry : X xV . Then 
I{x) = x' (Here n and k are dimensions ofV and X respectively) 

Proof. Let C denote the corresponding cycle over C^iV) x F, and T - 
transverse fundamental cycle of X. Then C x T is a cycle over {C^iV) x 
F) ® (Co°°(X) X F), and 

Ch(C X T) = Ch(C) U r 

by the Corollary p.8| . If by pr*C we denote the corresponding cycle over 
C^iy X X) X F, we have 

Ch(pr*C) = A* (Ch(C ® T)) = A* (Ch(C) U r) = /(Ch(C)) 

□ 



Lemma 3.4. Suppose in addition to the conditions of the Theorem 3.1 that 



F acts freely and properly on V . Then the statement of the Theorem holds. 

Proof. Since the group acts freely and properly, one can find a connection 
on E which is F- invariant. For the class of the cocycle x written with the 
invariant connection the result follows easily from the definition of the map 
$. □ 
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Proof of the Theorem 3^7. Comparison of the construction from [131 with the 



definition of the map $ imphes that (class of) x is in the image of $, [x] = 
^{^) for some (necessarily unique) ^ G H*{V Xr EF). We need to verify that 
^ = Chr(-E). We do this by showing that for any oriented manifold W and 
any map continuous f : W ^ Vr f*^ = f* Chr(-E). 

Let W be the principal F-bundle obtained by pullback of the bundle 
V X EF Vr, so that the following diagram is commutative, and / is 
F-equivariant: 



W — ^ y X EF 



W Vr 



(3.14) 



We can write / as a composition of two F-equivariant maps fi'.W^Wx 
V xET, which embeds W as the graph of / and pr -.W x y x EF — ^ V x EF, 
projection. Let vr : {W x \/)r Vr and fi:W ^ {W x V^)r be the induced 
maps. We have / = tt/i. ^ 

Construct now the class x' ^ HP^{C^{W x V) x F) using the bundle 
pr*E with connection pr*V. By the Proposition |3]^ x' = -^(x)? where / : 
HP*{C^{V) X F) ^ HP*+'^''^^{C^{W xV)y\ F). By the Proposition [Sj 
x' = I{x) = H^iO) = By the Lemma since x is acted by 

F freely and properly, x' = $(Ch(pr *£')). But since Ch(pr*(E)) = vr* Ch(£'), 
and using injectivity of $ we conclude that 

TT* Ch{E) = TT*^ 

Hence 

/* Ch{E) = fl-n* Ch(E) = /*7r*e = fX 

□ 

Remark 3.1 (Relation with Connes' Godhillon-Vey cocycle). In the paper 
Connes considers (in particular) the case of the circle acted by the group 
of its diffeomorphisms 0111(5*^) . Here we present the Connes construction in 
the multidimensional case and indicate some relations with our construction 
of cyclic cocycles representing equivariant classes. 
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In the situation of the previous example take the bundle E to be /\" T*X. 
This is a 1 -dimensional trivial bundle, naturally equipped with the action 
of the group F = Diff(X). Let be a nowhere section of this bundle, i.e. 
a volume form. Define a flat connection V on ii^ by 



V{f<P) = df<p, 0gC~(X) (3.15) 



We can thus define the cycle C over the algebra C°°(X). 
Let now 6{g) be defined as above, and put 



Then /i is a cocycle, i.e. 



f^{g) = ^ G C^iX) (3.16) 



fi{gh) = fi{hYfi{g) (3.17) 



We also have 

S{g)=d\og^i{g) (3.18) 

Indeed, 

Sig)cp^ = - (V(0))^ = V(/i((7)0) = dM<p 

and 

For every t we define a homomorphism pt : C°°(X) x F ^ End{E) x F 

by 

PtiaUg) = a{p{g))% (3.19) 

This is a homomorphism due to the cocycle property of p, which according to 
is the Tomita-Takesaki flow associated with the state given by the volume 
form (p. 

Consider now the transverse fundamental cycle $ over the algebra A = 
C°°{X) defined by the following data: 
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the differential graded algebra Q*{X) x F with the differential d{ujUg) = 

{du)Ug 

the graded trace -j- on Vt*{X) xi T defined by 

X 

otherwise 

the homomorphism p = po = id from A = C°°(X) xi F to C°°(X) x F. 
The flow ( |3.19D acts on the cycle $, by replacing po by pt- We call the cycle 
thus obtained Using the identities 

d{pt{aUg)) = [da + ta dlogp{g))p{gyUg = [da + ta 5{g))p{gYUg (3.20) 

and 

pi{go)p{giy'p{g2y''' ■ ■ ■ KgkY'''-''-' = i^{gm ...gk) (3.21) 

we can explicitly compute Ch($t). This is the cyclic n-cocycle with the only 
component of degree n The result is: 

n 

Ch{^,) = Y,t'Pi (3-22) 

j=0 

where pj is the cyclic cocycle given by 

PjiaoUgo, aiUg„ anUgJ = 

— J a^dal^dd^ ■ ■ ■ da]'^]ri aj'^^ da]'^]^-^ . . . 

I<ii<i2< --<ij <n 

©n,i2,...,i,(7i,---,7fc) (3.23) 

for g^gi . . . g^ = I and otherwise, where we define as before 7^ = g^gi . . . gj-i, 
and the j-form . • . , 7fc) is given by 

e.,i,,...,,(7i, . . . ,7;.) = 5{g,,rnS(g^^p. . . . S{g,^y^^ (3.24) 

In particular, pq is the transverse fundamental class. Comparing these for- 
mulas from the formulas in the previous example we obtain 
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Proposition 3.5. Let $i be the image of the transverse fundamental cycle 
$ under the action of the Tomita-Takesaki flow for the time 1 . Let C he the 
cycle over C°°(X) xi F associated to the equivariant bundle /\"T*X with the 
connection from (|3.15|) . Then, on the level of cocycles Ch($i) = Ch(C). 

We now sketch a construction of a family of cliains providing the 
cobordism between $o and $s, s G M. The algebra = il* ([0, s])®il*{X) x 
r. The homomorphism from A to maps allg € Q*{X) xi F to an{gYUg, 
where t is the variable on [0, s]. The connection is given by l®V + (i®l where 
d is the de Rham differential, and the curvature is . The restriction map is 
given by the restriction to the endpoints of the interval and the graded trace 
is given by 



a^iuUg) = (-l)d-s- y a 

[0,s] X 



UJ 



if deg a = 1 and g = 1 and otherwise. This chain provides a cobordism 
between $0 and $5. Its character is given by the formula 

n+l 

Ch(^,) = (3.25) 

where qj is the cyclic cochain given by 

qj{aoUgg, ai?7gi, . . . , anUg^) = 

— I aodaj^dal^ . . . da'J'^'^S^ a]'^'^ da]'^^_^l . . . 



l<ii<i2<--<ij<n'-^ 



,(7i,...,7fc) (3.26) 



for g^gi . . . g^ = 1 and otherwise, where we define as before •jj = g^gi . . . gj^i, 
and the j - 1-form Si^,i2,..._j^.(7i, . . . , 7/,) is given by 

^il,i2,--;ij{ll: ■ ■ ■ : Ik) = 

- Y,i-'^y^i9nr'^^i9^.r'- ■ ■ ■ iog/i(^?,)''' • • • 5i9^,^^ (3.27) 



Comparing this formula with ( 3.22 ) we obtain: 
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Proposition 3.6. Let pj, j = I,..., n be the the chains, defined in ( 3.22 ), 
( |3.23| ), and qj, j = 1,..., n + 1 be from ( |3.25| ), (|3.26|) . Then for j = 1, . . . ,n 

we have 



B Qj = pj and bqj = (3.28) 

Also 

B Qn+i = and bqn+i = (3.29) 

In particular all pj define trivial classes in periodic cyclic cohomology, and 
Qn+i is a cyclic cocycle. 

The cocycle qn+i should represent (up to a constant) the Godbillon-Vey 
class in the cyclic cohomology (i.e. class defined by /iic", while pj and qj 
represent forms c{ and /iicj, j = l,...,n, see [0, but this remains to be 
verified. 

Remark 3.2 (Transverse fundamental class). The construction of the equiv- 
ariant characteristic classes works equally well in the case of a foliation. The 
new ingredient required here is the Connes' construction of the transverse 
fundamental (generalized) cycle. We now will write a simple formula for the 
character of this cycle. 

We start by briefiy recalling Connes' construction from [0. Details can 
be found in 0. Let (V, F) be a transversely oriented foliated manifold, 
F being an integrable subbundle of TV. The graph of the foliation Q is 
a groupoid, whose objects are points of V and morphisms are equivalence 
classes of paths in the leaves, with equivalence given by holonomy. Equipped 
with a suitable topology it becomes a smooth (possibly non-Hausdorff ) man- 
ifold. By r and s we denote the range and source maps Q ^ V . By 

1 /2 

Vtp we denote the line bundle on V of the half-densities in the direc- 
tion of F. Let A = (g,s*{Q]^'^) ^r*{Q]^'^)^ be the convolution al- 
gebra of Q. We define a ( nonunital ) generalized cycle over the algebra 
A as follows. The k-th component of the graded algebra Q* is given by 
(g,s*{n]l^)®r*{n]l^)(^r*{/\''r*)y Here r = TV/F is the normal 

bundle, and the product fi^ ® — ^ is induced by the convolution 

and exterior product. 

The definition of the transverse differentiation (connection) requires a 
choice of a subbundle H C TV, complementary to F. This choice allows one 
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to identify C^{V,/\*TV*) with C~(V,/\*F* ® A*^*)- We say that form 
u G C°°(V, A* TV*) is of the type (r, s) if it is in C^{V, /\^ F*0/\' t*) under 
this identification. For such a form we have 

duj = dyoj + duoj + aoj (3.30) 

where dyoj, dnuj, auj are defined to be components of duj of the types (r+1, s), 
(r, s + 1), (r — 1, s + 2) respectively (our notations are shghtly different from 
those of H). Now, writing locally p G ^"^(V,^^^) as p = / G 

C~(r), G C°°(\/, A'^'^'^i^*) we define 

rfHP=(rfH/)kr/^ + /kr/^^ (3.31) 

Finally, (iff can be extended uniquely as a graded derivation of the graded 
algebra (g, s*(fij/^) ® r*(fij/^) ® r*(A* r*)) so that the following iden- 
tities are satisfied: 

dH{r*{p,)fs*{p,)) = 

r*{dHPi)fs*{p2) +r*{p,)dHfs*{p2) +r*{p,)fs*{dHP2) 

for pi,p2 e C°°(\/,^]i/'),/ G Co^(^) (3.32) 

and 

dH{(pr*{u)) = dH{(l)y{uj) + <Pr\dHUj) 

* 

for G (e?, s*(^]V') ® , ^ e C°°(r, f\ r*) (3.33) 

Now, for the form uj d\uj = —{dycr + crdv)uj- The operator 6 = —{dycr + 
arfy) contains only longitudinal Lie derivatives, and hence defines a multiplier 

(of degree 2) of the algebra (q, s*{n]l^) ® r*{n]l^) ® r*(A* r*)) . 

Finally, the graded trace on (g, s*(^]}/^) ® r*(^]}/^) ® r*(A^ r*) j , g = 

codimF is given by j-uj = J uj- 
J V 



Lemma 3.7. (/^) (^C^ (^Q, s*{n'f) r*{n'J^) r*{/\'' T*)ydH,9, 
a generalized cycle of degree q over the algebra A . 



IS 
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We can now write an explicit formula for the character of this cycle. 



Proposition 3.8. The following formula defines a (reduced) cyclic cocycle 
X in the (6, B)-bicomplex of the algebra A (with adjoined unit). 



X^0O, 01, ... , 0fc) = ^7^^ Yl / <f>O0''dH{<l>l) . . . dH{<l>k)e'' 



(3.34) 



Here k = q, q — 2, and (pj, j > I are elements of A, while 0o is an element 
of A with unit adjoined. 

Recall, that for q even to define the cocycle over A with the unit adjoined 

we extend j- by requiring that j-O'^/'^ = 0. The resulting class is independent 

of the choice of H. It follows from the fact that by varying the subbundle 
H smoothly we obtain the cobordism between the corresponding cycles, sat- 
isfying the conditions of the Lemma |2.7| . Note that the equality here is in 
cyclic cohomology, not only periodic cyclic cohomology. 

The results of the section || imply that the class of the cocycle x is the 
transverse fundamental class of the foliation, as defined in [^]. 



4 Fredholm modules. 

In this section we write formulas for the character of the generalized cycle 
associated with a finitely summable bounded Fredholm module (cf. [Q) . In 
other words we obtain a formula for the character of a Fredholm module. We 
show that this definition coincides with the Connes' definition [Q. 

Let (7i, F, 7) be an even finitely summable bounded Fredholm module 
over the algebra A. Here is a Hilbert space, on which the algebra A acts, 
7 is a Z2-grading on H, and F is an odd selfadjoint operator on H. We assume 
that A is represented by the even operators in Ti, and since we almost always 
consider only one representation of A, we drop this representation from our 
notations, and do not distinguish elements of the algebra and corresponding 
operators. We suppose that the algebra A is unital. Let p be a number such 
that [F,a] E and (F^ — 1) G £2. We remark that for any p summable 
Fredholm module one can achieve these summability conditions by altering 
the operator F and keeping all the other data intact. We associate with 
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the Fredholm module a generalized cycle, similarly to [Q where it is done 
in the case when F"^ = 1. Consider a Z-graded algebra Q = ©^=o 
generated by the symbols a G ^ of degree , [F,a], a E A of degree 1 and 
symbol (F^ — 1) of degree 2 , with a relation [F, ab] = a[F, b] + [F, a]b This 
algebra can be naturally represented on the Hilbert space 7i, and we will 
not distinguish in our notations between elements of the algebra and the 
corresponding operators. Q is equipped with a natural connection V, given by 
the formula V(^) = [F,C,] (graded commutator) in terms of the representation 
of or on generators by the formulas 

V(a) = [F,a] (4.1) 
V([F, a]) = {{F' - l)a - a{F^ - 1)) = [{F^ - 1), a] (4.2) 
V ((F^ - 1)) = (4.3) 

Notice that V^(^) = [(F^ — 1),^] for ^ G fi. Hence we define the curvature 
9 to be (F^ — 1). Clearly, ,^ G fi" is of trace class ii n > p. Here we need 
to chose n to be even, n = 2m. Hence we can define the graded trace on 

by j-^ = m!Tr7^. The equality Tr7V(^) = for ^ G follows from the 

relation 

Tr7e = ^Tr7FV(0 - Tr7(F2 - 1)^ 

which holds for ^ of trace class). Indeed, for ^ G V(^) is of trace class 
and 

TrjViO = ^TrjFV^O + TrjV{0 

= \Tr^F[{F^ - l),e] - Tr7(F2 - l)[F,e] = (4.4) 



Now we can apply the formula ( ^.41 ) to obtain a cyclic cocycle Ch2m(F) 
in the cyclic bicomplex of the algebra A. Its components Ch2^(F) = 0, 2 , 
4 , . . . ,2m are given by the formula 

Ch'=(F)(ao,ai,...afc) = 

Tr^a,{l-F^r^{F,a,]{l-F^y^ . . .\F,a,]{l-F^y'' 

(4.5) 



hjfe=»n— f 
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Note that for the case when = 1 we get the formula from normahzed 
as in 0. 

We will now associate generalized chain with homotopy between Fred- 
holm modules. If the two Fredholm modules {H,Fq,j) and (7i, Fi,7) are 
connected by a smooth operator homotopy ( meaning that there exists a 
family Ft of operators with [Ft, a] e and {F^ — 1) G £2, t g [0, 1] with 
Ft\t=Q = Fq, Ft\t=i = Fi ), this generalized chain will provide cobordism 
between cycles corresponding to the modules. 

We start by constructing, exactly as before, an algebra fit generated by 
the elements a, [Ft, a], {Ft — 1), with the connection Vi and the curvature 
9t = {Ft — 1). For each t G [0,1] one constructs a natural representation 
TTt of this algebra on the Hilbert space Ti. Let f2*([0, 1]) be the DGA of 
the differential forms on the interval [0, 1] with the usual differential d. We 
can form a graded tensor product fi*([0, 1])®^^. Choose an odd number 
n = 2m + 1 so that n > p + 2; if ain addition we suppose that ^ G we 
can choose n > p + 1. In order to define the connection and the curvature 
we will have to adjoin to our algebra an element of degree 2 dt®^ and 
an element of degree 3 dt®{Ft^ + ^Ft). The algebra with the adjoined 
elements will be denoted VLc- The homomorphism : A ^ VL,, is given by 
pc{o) = l®a. We define the connection Vc as ^ A + Vt, i-e. on the 
generators the definition is the following {(3 G f2*([0, 1]) ): 



V,(/5§a) = d^a + a] (4.6) 

dF\ 
dt 



d F 

Vc{(3^[Ft, a]) = d(3®[Ft, a] + (-l)^^s(/3)^g[(^2 _ ^] + ^ ^ dm[-^, a] 



(4.7) 

^ ^ ^ dFj^ dF^ 

V.{mF^ - 1)) = dmF^ - 1) + /3 A dt®(F * + ^F,) (4.8) 

dt dt 

^ dFt , , ^ , „ dFt dFt „ , , , 

Wc{dt®-^) = -dt®{Ft-^ + -^Ft) (4.9) 
dt dt dt 

VM®{Ft^ + ^Ft)) = dt®[{F^ - 1), ^] (4.10) 
The curvature 6c of this connection is defined as 

e, = i®{Fl -i) + dt®^ (4.11) 

and the identity (Vc)^- = [dc, ■] is verified by computation. One then defines 
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the graded trace j- on (fi*([0, 1])®!]^)" by the formula 



P®C = { [0,1] 

if/3efi°([0,l]) 



The restriction maps Tq : ^ a^nd ri : Q^. ^ are defined as 
follows. To(/?®0) is up is of degree 1 , and /3(0)^o where is obtained 
from ^ by replacing Ft by Fq if j3 is of degree , and similarly for ri. One can 
check that the map ri © tq identifies dQc with © and provides required 
cobordism. 

Now we can use the Theorem to study the properties of Ch(F) with 
respect to the operator homotopy. 

Theorem 4.1. Suppose Fo,7) and (H,Fi,j) are two finitely summahle 
Fredholm modules over an algebra A which are connected by the smooth op- 
erator homotopy Ft and p is a number such that [Ft] G C'^ and [F^ — 1) G £2 
for < t < 1. Chose m such that 2m > p + 1. Then Ch2m(-^o) = Ch2m(-Fi) 
in HC'^"^{A) . If moreover ^ G one can choose m such that 2m > p. 

Proof. Let Tc/ig^ denote the fc-th component of the character of the con- 
structed above chain, providing the cobordism between the cycles associated 
with {H, Fq, 7) and {H, Fi, 7), = 1, 3 , . . . , 2m+ 1. It can be defined under 



the conditions on m specified in the theorem. According to the Theorem 

Ch2„(Fi) - Ch2m{Fo) = {b + B) Tch2m 

Now, 

^c/i2m^"^(ao, ai, . . . a2m+i) = const^ Pc{ao)V dpdai)) . . . Vc(pc(a2m+i)) = 

(since the term under the j- does not contain dt). Hence Tch2m can be 

considered as the 2m — 1 chain (is in the image of S), and the result follows. 

□ 

Remark 4-1- Suppose we have two Fredholm modules {H, Fq, 7) and (Tt, Fi, 7) 
such that Fq - Fi e CP and F^ - 1 e C2 , i = 0, 1 . Then Ch2„(Fo) = 
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Ch2m(-^i)) 2m > p. Indeed, we can apply the Theoreni |4.1| to the hnear ho- 
motopy Ft = Fq + t{Fi — Fq), and need only to verify that F^ — 1 E £2. 
But 

F^-l = - 1) + t(Fo(Fi - Fo) + (Fi - Fo)Fo) + t\F^ - F^f 

The first and the last terms in the right hand side are always in and 
since the left hand side is in £f for t = 1, (Fo(Fi - Fq) + (Fi - Fo)Fo) G £i 

Corollary 4.2. Let e be an idempotent in Mi\f{A), and {7i,F,'y) be an even 
Fredholm module over A. Construct the Fredholm operator Ff. = e{F l)e : 
Ti"*" ® Ti" ® (where Ti^ and Ti" are determined by the grading). 

Then 

index(Fe) =< Ch*(F), Ch,(e) > 
Here Ch^.(e) is the usual Chern character in the cyclic homology. 

Proof. By replacing A by Mi^{A) we reduce the situation to the case when 
e E A. Now we apply Connes' construction, which uses the homotopy Ft = 
F + t{l — 2e)[F, e] which connects F (obtained when t = 0) with the operator 
Fi = eFe + (1 - e)F(l - e), obtained when t = 1. Note that 1 - F^ e £i 
Indeed, 

F^-l= {F' - 1) + - 2e)[F, e])' + t([F, (1 - 2e)[F, e]]) 

The first two terms are clearly in £2 . As for the third one, it can be rewritten 
as -2[F, e][F, e] + (1 - 2e)[F, [F, e]] = -2[F, e]^ + (1 - 2e)[(F2 - 1), e] G £f . 

The operator Fi commutes with e, and homotopy does not change the 
pairing. Hence it is enough to prove the result in the case when F and 
e commute. In this case in the formula for the pairing all of the terms 
involving commutators are , hence the only term with nonzero contribution 
is Ch°(F)(e) = Tr-fe{l- F'^)"' = Tr 7(6 - (eFe)^)™ = index(Fe) by the well 
known formula. □ 

In Connes provides canonical construction, allowing one to associate 
with every p-summable Fredholm module such that F^ — 1 7^ another one 
for which F^ — 1 = , and which defines the same i^'-homology class. This 
allows to reduce the definition of the character of a general Fredholm module 
to the case when F^ = 1. The construction is the following. Given the 
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Fredholm module (7i, F, 7) one first constructs the Hilbert space Ti = TiQli- 
with the grading given by 7 = 7 © (—7). An element a E A acts by ^ 



.0 0^ 

Then one constructs an operator F, such that F — F' E and = 1; 
here by F' we denote ^n^]- The character of the Fredholm module 



^0 -F^ 

(H, F, 7) is then defined to be the character of the {H, F,^). 

Theorem 4.3. Let {Ti, F, 7) be an even finitely summahle Fredholm module 
over the algebra A, and let p he a real number such that [F, a] G O' and 
(F^ — 1) G £2. Then class o/Ch*(F) defined in (^4.5|) in the periodic cyclic 
cohomology coincides with the Chern character, as defined by Connes j^. 

Proof. First, let us consider the Fredholm module {Ti., F',7) over the algebra 
A - the algebra A with adjoined unit ( acting by the identity operator). 
Ch.2m{F') is then defines a class in the cyclic cohomology of where we 
choose 2m > p. Since Tr 7(1 — (F')^)'" = 0, it defines class in the reduced 
cyclic cohomology of A, and hence in the cyclic cohomology of A. It coincides 
with the class defined by the Fredholm module (?-^,F, 7). 

The Theorem and the Remark [4.1| show that the classes defined by 
the Fredholm modules Ch(F) and Ch(F') coincide. To finish the proof we 
note that Ch(F) coincides with the Chern character as defined in 

□ 



The proof of the Theorem [4.1| also provides an explicit transgression for- 
mula. We just need to compute explicitly formula for 

Tc/i2„(ao, fli, . . .Ofc) = 

(4.12) 



{m)\ 



(m + ^)! 



«0+*iH \-ik=m- * ^ 



Since 6^*' = Yl, dt®{Ff — ly^^F"^ — ly one can rewrite this formula 

T+q=ii-l 
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as 
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[F„ ai](F,^ - 1)- . . . [F„ aim' ' " 1)' • • • [^*' «^](^' " 1)^^)^^ 

(4.13) 

Finally we can write the answer as 

^ lo+■■■+^k+^k+l=m-^^ «=0 

(4.14) 

where k is an odd number between 1 and 2m — 1. 

All the considerations above can be repeated in the case of an odd finitely 
summable fredholm module (7i, F) over an algebra A . Here as before we 
suppose that [F, a] G O', (F^ — 1) e £2. We choose number m such that 

n = 2™ + 1 > p. The trace uow .s giveu by = v^r(„/2 + l)Tri. 

The corresponding Chern character Ch.2m+i{F) has components Ch2^^i 
for A; = 1, 3 , ... , 2m + 1, given by the formula 

r^ufc ^ r(m+|)y2i 
*^^m+i(«o, ai, . . . , afcj - — — ^ 

[rn-\- 2 J- 

Traoil - F2)^o[F,ai](l - FJ^ . . . [F,ak]{l - F'Y' (4.15) 

io+nH l-i)c=m-^=^ 

If the two Fredholm modules are connected via the operator homotopy 
Ft one has the transgression formula 

Ch2„+i(Fi) - Ch2^+i(Fo) ^{b + B) Tch2m+i (4.16) 
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where Tc/i2m+i is a 2m cyclic cochain having components Tch\^ for k even 
between and 2m, given by the formula: 

^c/i2m+i(ao, ai, ■ ■ ■ Ofc) = 

^ io+---+ife+ifc+i=m-f '=0 

[F„ai](l-F2)- . . . [F,,ai]{l-F^f^{l-F^r^^^ . . . [F,,a,]{l-F,y>^^^)dt 

(4.17) 



The proof of the Theorem |4.3| works in the odd situation as well and 
shows that Ch*(F) coincides with the Chern character as defined by Connes. 
In particular, this allows to recover the spectral flow via the pairing with K- 
theory. More precisely, let u G Mn{A) be a unitary. Let sf (F (g) 1, (F 1)") 
be the spectral flow of the operators 1 and (F® 1)" = ^((F® l)-u* acting 
on the space 7i C^. The Chern character of the class of u in i^i(^) is the 
periodic cyclic cycle defined by 

^ oo 

CK{u) = —= Yi-lYil - 1)! tr {{u ® u-^y - {u-^ ® uY) (4.18) 
Then we have the following 

Corollary 4.4. Let u E A he a unitary, and (Ti, F) be an odd Fredholm 
module over the algebra A. Then < Ch*(F), CK{u) >= sf (F (g) 1, (F (g) 1)") 

Remark 4-2. This is a finitely summable analogue of the result of Getzler 
In the finitely summable case analytic formula for the spectral flow was 
derived in 0; use of the Theorem |4.3| allows to give a proof of the corollary 
^ without using this formula. 
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